Abstract. In the paper there is disscussed a notion of a density point of a Borel subset of a metric space with respect to a Borel measure µ. There are considered densities with respect to equivalent measures and density with respect to the limit of a sequence of equivalent measures.
Let us start from the classical definition of a density of a measurable subset of the real line at a point x 0 ∈ R with respect to Lebesgue measure λ. A number d ∈ [0, 1] is called the density of a measurable set E ⊂ R at a point x 0 if
2h .
If d = 1 we say that x 0 is a density point of a set E. We shall assume that X is a metric space, µ is a Borel measure on X and x 0 ∈ X belongs to the support of µ i.e. for any ball B r with the center x 0 and arbitrary radius r, we have µ (B r ) > 0. Moreover, let µ be finite on some ball B r 0 . The simple generalization of a notion of the density with respect to Lebesgue measure leads us to the following If d = 1 we say that x 0 is a µ-density point of a set A.
Recall that a measure ν is absolutely continuous with respect to the measure µ (ν ≪ µ), defined on the same σ-algebra F , if from the fact µ(A) = 0 it follows that ν(A) = 0. We say that measures µ and ν are equivalent if µ ≪ ν and ν ≪ µ. It is well known, that if µ and ν are σ-finite measures on (X, F ) and ν ≪ µ, then there exists a nonnegative F -measurable function f (called the Radon-Nikodym derivative of ν with respect to µ and denoted by dν dµ ) such that for any A ∈ F we have ν(A) = Ì A f dµ.
Since equivalent measures have the same σ-algebras of measurable sets and σ-ideals of null sets, there is a natural question of densities generated by equivalent measures. There exist equivalent measures which generated different densities (such measures shall be constructed in the proof of Theorem 1). In [1] it is shown that if ν = Ì f dµ and
µ-almost everywhere on some neighbourhood of x 0 then, for every measurable set A, ( * * ) x 0 is a µ-density point of A if and only if x 0 is a ν-density point of A.
We shall show that conditions ( * ) and ( * * ) are not equivalent. We shall also consider a density with respect to the measure µ which is a limit of a sequence of equivalent measures.
Theorem 1. Suppose that a Borel probability measure µ on (X, F ) satisfies the following condition of continuity at x 0 ∈ X: µ (B r ) is a continuous increasing function of a radius r on some interval (0, r 0 ] such that
Then, for any number d ∈ [0, 1), there exists a measure ν equivalent to µ and a Borel set A such that the density of A at x 0 with respect to ν is equal to d and x 0 is a density point of A with respect to µ.
Proof. Fix d ∈ (0, 1). Let {r n } → 0 be a decreasing sequence of numbers smaller than r 0 . Denote:
It is easy to see that C n is equal to X \ {x 0 } and -by the condition lim
From the continuity of µ at x 0 it follows that for any n ∈ N there is r n ∈ (r n+1 , r n ) such that µ B r n B r n+1 = c n 2 n . Denote by
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A n = C n B r n and a n = µ (A n ).
A n . From (1) and (2) we obtain that x 0 is a density point of the set A with respect to µ. Indeed, for any r n+1 r r n ,
Let us define a function f : X → (0, ∞) by the formula
It is easy to see that ν (A) = Ì A f dµ is a probability measure equivalent to µ.
Moreover, for any n ∈ N, ν (A n ) = a n and ν
Finally, from (1) and (2) we obtain that density of A at x 0 with respect to v is equal to d. Indeed, for any r n+1 < r r n
for any n ∈ N. Obviously {c n } satisfies (1) . Changing the function f on sets C n \A n such that f (t) = √ nc n −a n c n −a n and putting
c k for n > n 0 , and for any r ∈ (r n+1 , r n ] we have
tends to 0 when r → 0 + . Moreover,
We can also change the measure ν on finite many sets C n such that ν = 1.
Remark 1. Observe that our condition of continuity is satisfied at every point for any measure µ positive on balls and vanishing on spheres.
Indeed, let us consider an arbitrary point x ∈ X and the function b : (0, ∞) → R defined by the formula b (r) = µ (B r ) = µ (B (x, r)). Of course b is increasing. Moreover, discontinuity of b in some point r 0 means that the measure µ of the sphere with the origin x and radius r 0 is positive. Finally, observe that x is not an atom because x belongs to some sphere (with an other origin). Hence lim
Clearly, functions constructed in the previous proof do not satisfy the condition ( * ) -and measures do not satisfy the condition (**). Using the same set A, we shall construct a function f which does not satisfy (*) but ν = Ì f dµ satisfies ( * * ). We start from an easy observation.
Remark 2. Suppose that µ is a Borel measure on (X, F ). If densities of sets A and B at a point x 0 with respect to measure µ are equal to zero, then density of A ∪ B at x 0 is zero. If x 0 is a µ-density point of sets A and B then x 0 is a µ-density point of A ∩ B.
Theorem 2. For any Borel probability measure µ on (X, F ) and any point x 0 such that µ satisfies the condition of continuity at x 0 , there exists an equivalent Borel measure ν such that x 0 is a µ-density point of a set S if and only if x 0 is a ν-density point of S, and for any neighbourhood U of x 0 and number
where f is a Radon-Nikodym derivative dν dµ .
Proof. Let r n , C n , c n , A n , a n and A be defined as in the proof of Theorem 1. Put f (t) = n for t ∈ C n \A n 1 for other t and ν = Ì f dµ. Obviously, for any Borel set S ⊂ X, ν (S) µ (S) and ν (A ∩ S) = µ (A ∩ S). Moreover ν (C n ) = a n + n (c n − a n ) = c n − c n 2 n + n c n 2 n = c n 1 + n − 1 2 n .
So f is integrable, and the measures µ and ν are in fact equivalent. Observe that we can make ν a probability measure changing values of f on C 0 , C 1 , . . . , C k for some number k. We will prove that x 0 is a ν-density point of A.
For any α > 1 there is n 0 ∈ N such that 1 + n 0 −1 2 n 0 < α. For r ∈ (r n+1 , r n ] with n n 0 we have
From (2) and (3) we conclude that the last expression tends to 1 α and
Suppose now that x 0 is a ν-density point of a Borel set S. For any r > 0
According to Remark 2, x 0 is a ν-density point of A ∩ S and consequently
Finally, suppose that x 0 is a µ-density point of a Borel set S. This time we shall observe density of a complement S ′ of a set S. For any r > 0
The first summand tends to zero because x 0 is a µ-density point of S, the second one-because x 0 is a ν-density point of A.
In the next part we shall discusse density with recpect to the limit of a sequence of equivalent measures. We shall use the set A and the function f constructed in the proof of Theorem 1, and the following result of Kakutani: [2] and [3] ) Let P , Q, M be probability measures on (X, F ) such that P ≪ M and Q ≪ M . Denote by p and q Radon-Nikodym derivatives of P and Q with respect to M . Then
Observe, that for any sequence of measures {µ n } there is a measure
µ n 2 n such that every µ n is absolutely continuous with respect to M . Hence the uniform convergence of probability measures can be described as a convergence in some L 1 space.
Theorem 3. Suppose that µ is a Borel probability measure on (X, F ). For any d ∈ [0, 1) there exist a Borel set A and a sequence of probability measures µ n equivalent to µ such that (i) density of A at x 0 with respect to every µ n is equal to d, (ii) {µ n } tends uniformly to µ, (iii) x 0 is a density point of A with respect to µ.
Proof. Fix d ∈ (0, 1). Let r n , C n , c n , A n , a n , A and the function f be defined as in the proof of Theorem 1. Define f n as follows:
It can be easily verified that every f n is the Radon-Nikodym derivative of some probability measure µ n on X, equivalent to µ. Since f n (t) = f (t) for t ∈ ∞ k=n C k , the densities of A at x 0 with respect to µ n are all equal to d as was shown in the proof of Theorem 1. Observe that
If d = 0 we use in the definition of f n the function from the second part of the proof of Theorem 1 and change it again on finite many sets C n to obtain probability measures µ n . Again we obtain that {f n } converges to 1 in L 1 (µ).
Finally, the sequence {µ n } tends uniformly to µ.
At the end we shall consider another kind of convergence of measures, which is strictly connected with density of a set at a point.
Theorem 4. Let µ and µ n for n = 1, 2, . . . be probability measures on X. Assume that densities d n of a Borel set A at a point x 0 with respect to µ n tend to d and that µ n µ is convergent to 1 uniformly on all Borel sets with positive measure. Then d is the density of A at the point x 0 with respect to the measure µ. There is n 1 , such that R 1 < ε for n > n 1 , and, R 3 < ε for n greater than some n 2 . Finally, we can fix n > max (n 1 , n 2 ) and find r 0 small enough to have R 2 < ε for r < r 0 . If µ (B r ∩ A) = 0 for some r > 0, we can repeat our cosiderations for the set X \ A.
Remark 3. Consider the sequence {µ n } of measures given by RadonNikodym derivatives f n (with respect to some measure M ). Assume that f n tend almost everywhere uniformly to the function f c > 0, which is a Radon-Nikodym derivative of some measure µ. The measures µ, µ n are the natural example of measures satisfying the assumptions of Theorem 4.
